Abstract-In order to eliminate the weakness of large volumes data in 3D modeling process, a fast and efficient sampling method based on curvature analysis of cubic Bézier curve is presented. With the method, the characteristic points and curvature maximum value of cubic Bézier curve are used as the reference standard of the sampling interval and density. For cubic B-spline curves, the sampling data can be obtained by dividing them into some cubic Bézier curves. Some experimental results show that this method is feasible and effective for the sampling of cubic free-form curves.
I. INTRODUCTION
I N the medical image processing, geographic information system and reverse engineering applications, 3D shape modeling reconstruction from contours has been, and continues to be an important topic of research. Usually, the contours are expressed as a set of B-spline curves. As a prerequisite for 3D geometry reconstruction, obtaining the discrete sampling data points is necessary from initial B-spline curves. Sampling of data points determines the merits of the modeling reconstruction. However, it's difficult to express the sufficient conditions of sampling standard into formula or theorem. The inappropriate sampling data points may cause the following two problems. First, the geometric model cannot be effectively reconstructed or reconstruction distort when the sampling data points are too sparse. Second, when the sampling data points are too dense, the reconstruction process will increase the computational overhead, make computing time longer and take more memory space. For the above problems, Nina Amenta etc [1] [2] . and M.Gopi etc [3] . proposed some sampling standards based on constrained condition of sampling density. In these papers, curvature analysis was the basis for sampling density, but the specific algorithm for the sampling standards was proposed. Therefore, in that case, a concrete and effective sampling method is extremely important.
In this paper, a sampling method based on curvature analysis of cubic Bézier curve was first proposed. The rest of this paper is organized as follows: Section II described in details about how to obtain the characteristic points and curvature maximum value of cubic Bézier curve, how to determine the sampling standard and design algorithm for it. Section III explained how to design the sampling algorithm of cubic B-spline curve. Section IV listed some typical experimental results and analyzed the performance of the proposed algorithm. The discussion and conclusion was given in Section V.
II. SAMPLING METHOD OF CUBIC BÉZIER CURVE AND B-SPLINE CURVE
In general, when the original data are scanned points, they can be fit into a set of cubic B-spline curves using the algorithm proposed by LesA. Piegl and Wayne Tiller [4] [5] . However, owing to the multiple effects from degree, control polygon and knot vector, it's difficult to analyze the shape characteristics of B-spline curve. Fortunately, the general non-rational B-spline curve can be divided in to non-rational Bézier curve [6] [7] .
A. The characteristic points of cubic Bézier curve
In the paper, inflection points are called shape characteristic points which contain the non-singular inflection points and singular points [6] [7] . There are some different definitions in different fields about inflection points. In the Computer Aided Geometric Design field, inflection points are defined by the following Theorem 1 and Theorem 2.
Theorem 1: A point on a curve where any of the neighborhoods around the point are at both sides of its tangent line. Its curvature, if exists, is zero [8] .
Theorem 2: For a point P, if the curvature radius of points P + and P − located on both sides of the curve, the point P is a inflection point [9] .
For curves on the XY plane, curvature can be expressed by equation (1):
According to Theorem 1 and Theorem 2, the curvature of non-singular inflection points is zero. Considering the expression of curvature, only when the numerator of expression is zero, curvature is zero. When the denominator is zero, curvature does not exist and this point is called singular point. If the curve is cubic Bézier curve, it can be expressed as equation (2):
Here,P i are the control points, and they constitute control polygon of cubic B-spline curve.B 3 i (t) are cubic Bernstein basis function shown in the following equation (3):
Then, the first derivative and second derivative of cubic Bézier curve can be expressed by equation (4) and (5) respectively:
In the equation (4) and (5):
Here,A i , D j and E k is first-order, second-order and thirdorder control vector of cubic Bézier curve respectively. According to the theory of CAGD, Point P with parameter t on curve C(t) may be inflection points of curve when C ′ (t) × C ′′ (t) = 0. For vectors C ′ (t) and C ′′ (t), only two possibilities can result their cross product is 0:
should have the opposite direction for vector C ′ (t). So P is called non-singular points. For a straight line C(t), since C ′′ (t) = 0, the curvature at each point of it is zero. In this paper, straight line is not to be considered in the scope. 
Combine equation (4), (5) and (7), necessary and sufficient conditions for inflection points existence can be obtained by equation (8):
The parameter t ∈ [0, 1] can be computed by equation (9):
Especially, When C ′ (t) = 0, necessary and sufficient conditions for singular points it can be obtained by equation (10):
0y − A 0y E 0y E 0y (10) After the parameter t is obtained, use equation (2) to calculate the coordinate value of characteristic points of curve. According to the relative position relationship of the four control points for cubic Bézier curve, the control polygon will be one of the following three forms [6] : 1) P i ( i = 0, ..., 3) lying on the same line.
2) P 0 ,P 3 lying on both sides of A 1 .
3) P 0 ,P 3 lying on the same side of A 1 . In order to find the shape characteristic points, the possible combination of curvature expression and control polygon shape will be discussed in detail. For the above three forms, Form 1 is often not taken into account. There must be at least one inflection point in Form 2. Singular points and non-singular inflection points might exist in Form 3. Then, a rapid extraction algorithm of shape characteristic points can be obtained as follows:
Input 
B. Sampling algorithm of cubic Bézier curve
Any cubic Bézier curve with Form 2 can be divided at the characteristic points into two segments of cubic Bézier curves with Form 3 by de Casteljau [10] algorithm. The edges of control polygon of each cubic Bézier curve segment must not cross. Any cubic Bézier curve with Form 3 can be divided at the characteristic points into at least two segments of cubic Bézier curves with Form 3. Similarly, all control polygons edges of cubic Bézier curve segments must not cross. Each segment of cubic Bézier curves with Form 3 and their control polygon do not cross, the curvature change has only four situations shown in Figure 1 . In Figure 1 , suppose the left is the start point of curves and the right is the end point of curves. Figure  1(a) shows that curvature changes from large to small, Figure 1(b) shows the case that curvature changes from small to large, where Figure 1(c) shows that curvature changes from large to small then increasing, or from small to large, then becomes smaller, then bigger, if the change of curvature is the first case, the determine condition is (k(0) > k(
, if the change of curvature is the second case, it needs divide the curve until the change of curvature fits one of the other three cases. Figure 1(d) shows that curvature changes from small to large then reduce, so (k(0) < k(
.That means when the change of curvature is the first or second case, the maximum curvature of curve appears the two endpoints of curve. When the change of curvature is the third or fourth case, the maximum of curvature can be approximated by dichotomy algorithm. When the curves are more than one, suppose the sampling density is d, the number of sampling data is N , the length of control polygon is L, the curvature radius of this curve is R, the interval between contours is l.
, and the change rate of parameter t is 1 N . Sampling algorithm can be described as follows:
Input: sum: the number of contour of scanned object; r: the minimum curvature radius of cubic Bézier curve;
interval: the interval between of contours; L: the length of a cubic Bézier curve; Output:
d: the sampling density; N: the number of sampling data; k: the change rata of parameter; Algorithm:
With the proposed sampling algorithm of curve, the least sampling data can be obtained while maintaining the curve shape.
III. SAMPLING ALGORITHM OF CUBIC B-SPLINE CURVE
When sampling B-spline curve, an effective method is: First, convert cubic B-spline curve into Bézier curve. Then use the algorithm mentioned in the previous section. A rapid and robust algorithm that can divide cubic B-spline curve into some segments of cubic Bézier curve is shown as follows:
Input:
:the control points of cubic B-spline curve; U = u 0 , . . . , u 2n+k+1 :the knot vector of cubic B-spline curve; K: degree; t: the definite parameter,t ∈ [u m , u m+1 ),m ≥ 3;
Output:
Q i , i = (0, . . . , 3):the control points of cubic Bézier curve; µ: the parameter of new cubic Bézier curve; Algorithm:
The difference between B-spline and Bézier is that the points corresponding to multiped knot vectors are considered as shape characteristic points of curve. 
IV. EXPERIMENTAL RESULT
Experimental result contains non-uniform cubic periodic B-spline curve and non-periodic cubic B-spline curve. Figure 2 and Figure 3 show the sampling result of periodic cubic B-spline curve for non-uniform knot vectors. Figure 4 shows the sampling result of non-periodic cubic B-spline for non-uniform knot vector. Figure 5 shows an application of curvature analysis in offset curve [11] , and the interval between cubic Bézier curve and offset curve depends on the radius of curvature, the details were described: the original interval is d, the radius of curvature is r, and the last interval is dd. If r > d or r = d, dd = d,else dd = r * r/d. The red curve showed the cubic Bézier curve, the green curve showed the gradient offset curve of the cubic Bézier curve, and the original interval is 25 in Figure 5 . It can be found that the offset curve is gradually changing with the change of curvature, and rapidly changing in the place of the maximum curvature. Figure 6 shows an example of extracting characteristic points and the curvature extremum points. It is clear that the shape of the word "Yong" can be described completely by these points from Figure 6 , the green solid round expresses the points that have maximum value of curvature, and red solid rectangle expresses the characteristic points. Table I shows the comparison of the number of scanned data and sampling data from Figure 2 , Figure 3 and Figure  6 . In Table I , the amount of scanned data is less than that scanning sampling data in Figure 3 , because the scan instrument is not accurate which results in the reduction in the number of scanned data, the fitting curve and sampling result are accurately described in the shape of pumpkin.
V. DISCUSSION AND CONCLUSION
A sampling method based on curvature analysis was proposed on the basis of analysis of cubic Bézier curve. Considering the characteristic points of cubic Bézier curve, a sampling standard for 3D geometry reconstruction was offered. The sampling standard can not only fulfill little calculation and small storage requirements, also can keep the shape of original curves invariable. Experimental results show the algorithm is feasible and effective and can be used for the data sampling of 3D geometry reconstruction. If the proposed algorithm was introduced into the application of [12] [13] [14] , the effect will be better.
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